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ABSTRACT
The recent simulations showed that the whistler heat flux instability, which presumably produces the
most of quasi-parallel coherent whistler waves in the solar wind, is not efficient in regulating the
electron heat conduction. In addition, recent spacecraft measurements indicated that some fraction
of coherent whistler waves in the solar wind may propagate anti-parallel to the electron heat flux,
being produced due to a perpendicular temperature anisotropy of suprathermal electrons. We present
analysis of properties of parallel and anti-parallel whistler waves unstable at electron heat fluxes and
temperature anisotropies of suprathermal electrons typical of the pristine solar wind. Assuming the
electron population consisting of counter-streaming dense thermal core and tenuous suprathermal
halo populations, we perform a linear stability analysis to demonstrate that anti-parallel whistler
waves are expected to have smaller frequencies, wave numbers and growth rates compared to parallel
whistler waves. The stability analysis is performed over a wide range of parameters of core and
halo electron populations. Using the quasi-linear scaling relation we show that anti-parallel whistler
waves saturate at amplitudes of one order of magnitude smaller than parallel whistler waves, which
is at about 10−3 B0 in the pristine solar wind. The analysis shows that the presence of anti-parallel
whistler waves in the pristine solar wind is more likely to be obscured by turbulent magnetic field
fluctuations, because of lower frequencies and smaller amplitudes compared to parallel whistler
waves. The presented results will be also valuable for numerical simulations of the electron heat flux
regulation in the solar wind.
Keywords solar wind, · whistler waves · heat conduction · electron heat flux
1 Introduction
The spacecraft measurements showed that the electron heat conduction in the solar wind is less efficient than predicted
by the collisional Spitzer-Härm law [1, 2, 3, 4, 5, 6]. The measured electron heat flux is typically smaller than the
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Spitzer-Härm values and suppressed below a threshold dependent on βe = 8pineTe/B2 [7, 8, 9, 10, 11, 12]. Remote
measurements indicated that similar suppression of the electron heat conduction occurs in the solar corona [13, 14, 15]
and various astrophysical environments [16, 17, 18, 19]. The early spacecraft measurements around 1 AU showed
that whistler waves might be a plausible wave activity regulating the electron heat conduction in collisionless or
weakly-collisional solar wind plasma [7, 20, 9]. However, until recently spacecraft measurements could not resolve the
occurrence and generation mechanisms of whistler waves in the solar wind.
The early spacecraft measurements of the electron velocity distribution function (VDF) in the solar wind indicated
that whistler waves may be produced by the whistler heat flux instability (WHFI) [21, 22, 23]. The electron VDF
in a slow solar wind around 1 AU can be often described by a combination of a dense thermal core and a tenuous
suprathermal halo population [3, 24, 25, 26, 27, 28]. In the plasma rest frame, the core and halo populations are
described by Maxwell and κ−distributions drifting in the opposite directions parallel to a local magnetic field. The net
electron current is absent, while the electron heat flux, carried predominantly by halo electrons, is parallel to the halo
drift velocity. Gary et al. [21] showed that at sufficiently large values of the halo drift velocity, the electron VDF is
unstable to the WHFI and produces whistler waves propagating parallel to the electron heat flux [23, 22, 29]. Until
recently the WHFI was considered to be the dominant mechanism producing whistler waves and regulating the electron
heat conduction in the solar wind [7, 20, 9, 22]. The recent quasi-linear analysis [30, 31] and Particle-In-Cell (PIC)
simulations [32, 33, 34] have conclusively shown that the WHFI cannot efficiently regulate the electron heat conduction
in the solar wind and stimulated theoretical analysis of other instabilities potentially regulating the electron heat flux
[35, 36, 29, 37, 38, 39, 40] as well as experimental analysis of whistler waves in the solar wind using modern spacecraft
measurements [41, 42, 43, 11, 28].
Modern spacecraft measurements in the solar wind at 1 AU have shown that coherent whistler waves propagate within
20◦ of a local quasi-static magnetic field [41, 42, 43, 11]. The occurrence rate of whistler waves is positively correlated
with the macroscopic electron temperature anisotropy Te⊥/Te|| and varies from a few up to a few tens of percent [11].
Coherent whistler waves are identified in the magnetic field spectra as local bumps superimposed on the spectrum of
turbulent magnetic field fluctuations persistently present in the solar wind [41, 11]. Noteworthy that the occurrence
of whistler waves can be higher, because the presence of a local bump may be obscured by turbulent magnetic field
fluctuations. Simultaneous measurements of the electron VDF and several whistler waveforms presented by Tong et al.
[28] have demonstrated that the WHFI indeed operates in the solar wind and, consistently, the whistler waves propagate
parallel to the electron heat flux. The extensive statistical analysis by Tong et al. [11] of whistler waves identified as
local bumps in the magnetic field spectra has shown that properties of whistler waves in the solar wind are consistent
with the WHFI, though the propagation direction of the whistler waves (parallel or anti-parallel to the electron heat
flux) could not be determined. We cannot rule out that some fraction of whistler waves observed in the solar wind
propagates anti-parallel to the electron heat flux and is produced by a mechanism different from the WHFI. Moreover,
recent spacecraft measurements of electron VDF indicate that anti-parallel whistler waves may be indeed present in the
solar wind [26, 27, 11, 12, 44].
In the original WHFI theory, the core and halo electron populations were assumed to be isotropic or have parallel
temperature anisotropy [21, 23]. In this case only whistler waves propagating parallel to the electron heat flux
could be unstable. However, the recent analysis of the electron VDF showed that the halo population may have
perpendicular temperature anisotropy, 1 < T⊥h/T||h . 1.5 [26, 27, 12, 44], and the statistical analysis of Tong et al.
[11] demonstrated that the occurrence rate of whistler waves is positively correlated with the macroscopic electron
temperature anisotropy. At a negligible heat flux, the electron VDF with the halo population satisfying Th⊥/Th|| > 1
is unstable to the classical whistler temperature anisotropy instability (WTAI) [45, 46, 47], which produces identical
whistler waves propagating parallel and anti-parallel to a local magnetic field. The presence of a non-negligible electron
heat flux is expected to break that symmetry, resulting in different frequencies, growth rates and saturated amplitudes of
parallel and anti-parallel whistler waves. The analysis of properties and effects of unstable anti-parallel whistler waves
is currently of interest from experimental and theoretical perspectives, because parallel whistler waves turned out to be
inefficient in regulating the electron heat conduction in the solar wind [30, 32, 33, 31, 34], while anti-parallel whistler
waves may be efficient in scattering suprathermal electrons [48, 49, 50] and, hence, may be potentially efficient in the
electron heat flux regulation.
In this paper, we present theoretical analysis of properties of parallel and anti-parallel whistler waves that can be
unstable in the solar wind. The focus is on whistler wave parameters, which quantitative estimates are valuable for
spacecraft data analysis and numerical simulations of the electron heat flux regulation in the solar wind. In Section 2,
we present basic formulas of the linear stability theory and typical parameters of core and halo electron populations in
the solar wind around 1 AU. In Section 3, we address effects of power-law index of the halo κ−distribution on the
WHFI growth rates. In Section 4, we compare properties of unstable parallel and anti-parallel whistler waves as well as
expected saturated amplitudes estimated using the quasi-linear scaling relation inferred by Tao et al. [51] and Kuzichev
et al. [33]. In Section 5, we discuss valuable implications of the presented results.
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2 General formulas and typical parameters
Motivated by spacecraft measurements in the solar wind at 1 AU [41, 42, 43, 28, 11], we restrict the linear stability
analysis to whistler waves propagating parallel and anti-parallel to the electron heat flux which is, in turn, parallel to a
uniform quasi-static magnetic field B0. The dispersion relation of parallel and anti-parallel whistler waves is given as
follows [52, 53]
k2c2
ω2
= 1 +
ω2pe
ω
∫
d3v
ω − kv|| − ωce
v2⊥
2
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where Fe(v||, v⊥) and Fi(v||, v⊥) are electron and proton VDFs, v|| and v⊥ are velocities parallel and perpendicular
to B0, ω = ωr + iγ is the whistler wave frequency, k is the wave vector component along the magnetic field,
ωpe = (4pin0e
2/me)
1/2 and ωpi = (4pin0e2/mi)1/2 are electron and proton plasma frequencies, ωce = eB0/mec and
ωci = eB0/mic are electron and proton cyclotron frequencies. Under typical conditions in the solar wind, whistler
waves driven by resonant electrons have frequencies ω  βi ωci and do not interact resonantly with thermal protons,
because (ω + ωci) k(2Ti/mi)1/2, where βi = 8pin0Ti/B20 is the proton beta typically of the order of one [54, 55],
(ω + ωci)/k is the cyclotron resonance velocity, and (2Ti/mi)1/2 is the proton thermal velocity. Therefore, the
contribution of the proton population, that is the third term on the right-hand side of the dispersion relation, can be
replaced by −ω2pi/ω(ω + ωci), which corresponds to approximation of cold protons [52]. In addition, we neglect the
displacement current effects, that is unity on the right-hand side, because kc/ω  1, and rewrite the dispersion relation
as follows
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(1)
The singular denominator (ω− kv|| − ωce)−1 indicates that whistler waves can be unstable only due to interaction with
electrons in the first normal cyclotron resonance, v|| = (ω − ωce)/k (see, e.g., Refs. [52, 56]).
The electron VDF is a combination of the core and halo populations, Fe(v||, v⊥) = fc(v||, v⊥) + fh(v||, v⊥). In the
plasma rest frame, the VDF of the core population is a drifting Maxwell distribution
fc(v||, v⊥) =
nc
Ac
(
me
2 pi Tc
)3/2
exp
[
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2
2 Tc
− mev
2
⊥
2 Ac Tc
]
while the VDF of the halo population is a drifting κ−distribution (see, e.g., Ref. [57] for review on κ−distributions)
fh(v||, v⊥) =
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(
me
2pi (κ− 3/2) Th
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where nα, uα and Tα are core and halo densities, parallel drift velocities and electron temperatures, Aα determines
temperature anisotropies (subscript α = c, h corresponds to core and halo populations), Γ(κ) is the Gamma function. A
perpendicular temperature anisotropy corresponds to Aα > 1, while a parallel temperature anisotropy corresponds to
Aα < 1. The electron current in the plasma rest frame is assumed to be zero, ncuc + nhuh = 0. We assume the halo
drift velocity to be parallel to the magnetic field, so that the electron heat flux is also parallel to the magnetic field and
given as follows [9]
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∫
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2
2
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2
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2
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(2)
The electron heat flux is often normalized to the free-streaming heat flux value, q0 = 1.5 n0 Te (2Te/me)1/2, where
n0 = nc + nh is the total electron density, Te = (ncTc + nhTh)/n0 is the total parallel electron temperature [16, 9].
For the electron VDF specified above the dispersion relation (1) can be written as follows
k2c2
ω2
+
ω2pi
ω(ω + ωci)
≈ ω
2
pe
ω2
∑
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[
ω −Aα k uα
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]
(3)
where vα = (Tα/me)1/2 are core and halo thermal velocities, ξα = (ω − kuα − ωce) / kvα is the argument of the
plasma dispersion function Zα(ξ) =
∫ +∞
−∞ dx zα(x) / (x− ξ), where
zc(x) = (2pi)
−1/2 exp(−x2/2), zh(x) = Γ(κ)
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[
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(4)
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The general expressions for the dispersion function corresponding to the κ−distribution can be found in Refs. [58, 59,
60, 61], while we assume whistler waves to be slowly growing, γ  ωr, which can be verified a posteriori, and use the
standard asymptotic expansion [52]
Zα(ξ) = –Zα(ξ)− i pi sign(k) zα(ξ), –Zα(ξ) = −
∫ +∞
−∞
dx
zα(x)
x− ξ
where k > 0 and k < 0 for parallel and anti-parallel whistler waves, respectively. The computed dispersion functions
allow solving the dispersion relation (3) using the standard method for slowly growing plasma modes [52]. The whistler
wave dispersion relation ωr(k) is determined by solving Λ(ωr, k) = 0, where
Λ(ω, k) =
k2c2
ω2
+
ω2pi
ω(ω + ωci)
−
− ω
2
pe
ω2
∑
α=c,h
nα
n0
[
ω −Aαkuα
kvα
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]
, (5)
In the limit of cold and non-drifting electrons the solution ωr(k) of equation Λ(ωr, k) = 0 should be ω2r(k) ≈[
ωcek
2c2/(k2c2 + ω2pe)
]2
+ ωciωcek
2c2/(k2c2 + ω2pe), which is the dispersion relation of whistler waves in a cold
plasma provided that ωpe  ωce (see Refs. [52] and [62]). At ω  ωci the cold dispersion relation of whistler waves is
ωr(k) ≈ ωcek2c2/(k2c2 + ω2pe). The growth rate is computed as
γ(k) = − pi sign(k)
(∂Λ/∂ω)ω=ωr(k)
∑
α=c,h
ω2pe
ω2r
nα
n0
zα(ξα)
[
ωr −Aαkuα
kvα
+ (Aα − 1)ωr − ωce
kvα
]
(6)
where ξα = (ωr − kuα − ωce) / kvα.
The normalization ω → ω/ωce and k → kc/ωpe in the dispersion relation (3) shows that the growth rate γ/ωce depends
on kc/ωpe and the following parameters of the core and halo populations
• nc/n0: density of the core population with respect to the total electron density.
• uc/vA: core parallel drift velocity with respect to the Alfvén speed, vA = B0/(4pin0mi)1/2.
• βc = 8pincTc/B20 : core parallel beta parameter.
• Th/Tc: halo to core parallel temperature ratio.
• Ac and Ah: core and halo temperature anisotropies.
In what follows we assume the core population to be isotropic, Ac = 1, because the perpendicular temperature
anisotropy of the core population in the solar wind is typically small (see, e.g., Ref. [12] and Table 1) and does not
significantly affect the growth rate of whistler waves unstable due to perpendicular temperature anisotropy of halo
electrons. The effect of core and halo densities on the growth rate is twofold. First, the growth rate is proportional to the
halo density, γ/ωce ∝ nh/n0, because the whistler waves are mostly resonant with halo electrons. Second, the growth
rate is dependent on core and halo densities through the halo drift velocity, uh = −(nc/nh) uc, but that dependence
can be addressed by considering various core drift velocities uc rather than various nc/nh. In what follows we present
the growth rates computed for nc/n0 = 0.95, while the growth rates at any other values of the core and halo densities
can be estimated by adjusting the core drift velocity and taking into account that γ/ωce ∝ nh/n0. We note that the
dispersion relation ωr(k) and growth rate γ(k) are independent of ωpe/ωce, because we neglected the displacement
current in Eq. (1). That is justified at ωpe/ωce  1, which is typical of the solar wind, where ωpe/ωce ∼ 100 [55].
The typical values of the critical parameters in the solar wind at radial distances from 0.3 to 4 AU are given in Table 1
along with parameters to be used in the stability analysis in Sections 3 and 4. In the next section we consider qe/q0 . 1
to be a typical range of the normalized heat flux values in the solar wind, although that is realistic only at βc . 1,
because at βc & 1 the normalized heat flux is below a threshold, qe/q0 . 1/βc (see, e.g., Refs. [9, 11, 12]).
3 WHFI and WTAI: effects of the κ−distribution
In this section, we consider effects of power-law index of the halo κ−distribution on growth rates of the whistler heat
flux instability (WHFI) and whistler temperature anisotropy instability (WTAI). The effects of the κ−distribution on
growth rates of the WTAI were previously considered in Refs. [67, 61, 68], while until recently the analysis of effects of
4
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Table 1: The stability analysis in Sections 3 and 4 is performed for core and halo parameters indicated in the third
column; typical values of these parameters at radial distances of 0.3-4 AU are given in the second column, while several
references, where the corresponding spacecraft data analysis was performed, are in the last column. The presented
quantities are described in Section 3.
Quantity Typical range at 0.3-4 AU Our Analysis References
nc/n0 nc/n0 & 0.8 0.95 McComas et al. [63]
Maksimovic et al. [25]
Pierrard et al. [26]
uc/vA |uc| . 7 vA 0, 0.25, ..., 10 Scime et al. [4]
Tong et al. [10]
βc βc ∼ 0.1− 10 0.33, 1, 3 Tong et al. [10, 11]
Wilson et al. [12]
Artemyev et al. [64]
Th/Tc Th/Tc ∼ 2− 10 4, 6, 10 Maksimovic et al. [25]
Pierrard et al. [26]
Wilson et al. [12]
Ac = Tc⊥/Tc||
Ah = Th⊥/Th||
0.5 . Ac . 1.2
0.5 . Ah . 1.5
Ac = 1
Ah = 1.1, .., 1.5 Pierrard et al. [26]
Lazar et al. [27]
Wilson et al. [12]
Shaaban et al. [65]
κ 3 . κ . 8 3, 5, 7, 9,∞ Maksimovic et al. [25]
Pierrard et al. [26]
Wilson et al. [66]
the κ−distribution on the WHFI has been limited to a study of Abraham-Shrauner and Feldman [23] that was restricted
to a single value of the core drift velocity and showed that Maxwellian halo population provides the largest growth
rates. In contrast, in the recent analysis of Shaaban et al.[29] it has been demonstrated that larger growth rates to the
WHFI are provided by the halo population described by κ−distributions, rather than the Maxwell distribution. We
demonstrate that conclusions of Refs. [23] and [29] are valid in some range of core drift velocity values and depending
on parameters of the electron VDF, either the Maxwell or κ−distributions provide larger growth rates to the WHFI.
Figure 1 presents results of the stability analysis of WTAI and WHFI at βc = 1 and Th = 4 Tc. Panel (a) demonstrates
the electron VDF that is unstable to the WTAI due to a perpendicular temperature anisotropy of the halo population.
Panels (b) and (c) present the growth rates of the WTAI computed at Ah = 1.05 and Ah = 1.25, and various values
of κ including κ → ∞, which corresponds to the Maxwell distribution. The Maxwell distribution provides smaller
growth rates compared to κ−distributions at Ah = 1.05, while the opposite can be seen at Ah = 1.25. The different
dependence of the growth rate of the WTAI on power-law index κ at various electron temperature anisotropies was
reported and thoroughly considered in the previous studies [67, 61]. Noteworthy that the WTAI is capable of producing
identical whistler waves propagating parallel and anti-parallel to a local quasi-static magnetic field, because the electron
VDF is symmetric with respect to v|| = 0.
Panel (d) demonstrates the electron VDF unstable to the WHFI. The core and halo populations are drifting in the
opposite directions, and both populations are isotropic, Ac = 1 and Ah = 1. Due to the halo drift the contours of the
electron VDF at v|| < 0 are in effect similar to those of the electron VDF unstable to the WTAI. Therefore, cyclotron
resonant electrons with v|| = (ω − ωce)/k at v|| < 0 are capable of driving whistler waves propagating parallel to the
halo drift and, hence, parallel to the electron heat flux [21, 22]. In contrast, whistler waves propagating anti-parallel
to the electron heat flux are stable. Panels (e) and (f) present the growth rates of the WHFI computed at core drift
velocities uc = −5vA and uc = −vA, and various values of power-law index κ. At uc = −5vA the growth rate is
larger for smaller values of κ, so that κ−distributions provide larger growth rates than the Maxwell distribution. On the
other hand, at uc = −vA the largest growth rate is provided by the Maxwell distribution. Thus, similarly to the WTAI,
larger growth rate is be provided either by the Maxwell or κ−distribution depending on parameters of the electron VDF.
To further quantify effects of power-law index κ on the WHFI, we have computed the growth rate γmax, frequency
ωmax and wave number kmax of the fastest growing whistler waves at various values of parameters βc and Th/Tc.
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Figure 1: The stability analysis of the whistler temperature anisotropy instability (WTAI) and the whistler heat flux
instability (WHFI) of a plasma with cold ions and electron population consisting of a dense thermal core and a
tenuous suprathermal halo described by Maxwell and κ−distributions, respectively. Parameters nα, uα, Tα and
Aα are density, parallel drift velocity (in the plasma rest frame), parallel temperature and temperature anisotropy
(perpendicular to parallel temperature ratio) of the core (α = c) and halo (α = h) populations; βc = 8pincTc/B20 is
the core parallel beta. The upper panels present unstable electron VDFs with corresponding parameters indicated in
the panels; velocities parallel and perpendicular to a uniform quasi-static magnetic field, v|| and v⊥, are normalized to
vAe = B0/(4pin0me)
1/2. The middle and bottom panels present whistler wave growth rates, γ/ωce versus kc/ωpe,
for several values of halo temperature anisotropy Ah and core drift velocity uc/vA, where ωce and ωpe are electron
cyclotron and plasma frequencies, vA = B0/(4pin0mi)1/2 is the Alfvén velocity. The growth rates are computed
for several values of power-law index κ including κ → ∞, which corresponds to Maxwellian halo population. The
panels also present exact whistler wave dispersion curves (dashed grey), ω/ωce versus kc/ωpe, as well as whistler wave
dispersion curves (dashed black) valid in a cold plasma at ω  ωci: ω = ωcek2c2/(k2c2 + ω2pe) [52, 62].
6
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Figure 2: The maximum growth rate γmax/ωce of the WHFI in dependence on core drift velocity uc/vA and electron
heat flux qe/q0 (upper horizontal axes), where vA is the Alvén velocity and q0 is the free-streaming heat flux value[16, 9]
defined as q0 = 1.5 n0 Te (2Te/me)1/2, where n0 = nc + nh is the total electron density, Te = (ncTc + nhTh)/n0.
The growth rates were computed for various values of power-law index κ of the halo κ−distribution (indicated by color).
The various panels corresponds to maximum growth rates computed at various (βc, Th/Tc). In all computations the
core and halo populations were isotropic (Ac = 1 and Ah = 1) and the density of the core population is nc = 0.95 n0.
The shaded regions indicate the range of electron heat flux values typical of the solar wind, i.e. qe . q0 [11, 12].
Figure 2 presents the maximum growth rate γmax/ωce of the WHFI in dependence on uc/vA and qe/q0 computed at
various values of parameters βc, Th/Tc and κ (Table 1). Both core and halo populations were assumed to be isotropic,
Ac = 1 and Ah = 1. The range of electron heat flux values typical of the solar wind, qe/q0 . 1, is indicated by
shaded regions in each of the panels. First, at a given (κ, βc, Th/Tc) the maximum growth rate of the WHFI is a
non-monotonous function of uc/vA and qe/q0 in accordance with the original analysis of Gary et al. [69] that was
restricted to the Maxwell distribution (κ→∞). Second, in accordance with Gary et al. [69], larger values of βc and
Th/Tc result in larger growth rates. The novel feature of the WHFI demonstrated by Figure 2 is that at a given value of
uc/vA and qe/q0 the maximum growth rate can either increase or decrease with the increase of the power-law index κ.
The Maxwell distribution provides the largest growth rates at core drift velocities |uc|/vA below a threshold value that
monotonously depends on βc and Th/Tc, while at core drift velocities above that threshold value the largest growth
rates are provided by the κ−distribution with the lowest power law index. For instance, at βc = 1 and Th/Tc = 6
the threshold value is |uc| ≈ 3 vA. Noteworthy that at core drift velocities below the threshold value the growth rates
provided by the Maxwell distribution exceed those provided by κ−distributions by less than a factor of two. On the
other hand, at core drift velocities above the threshold value the κ−distributions provide growth rates more than an
order of magnitude larger than the Maxwell distribution.
Figure 3 presents the frequency ωmax/ωce and wave number kmaxc/ωpe of the fastest growing whistler waves at various
βc and κ values. The specific value of Th/Tc does not critically affect the frequency and wave number of the fastest
growing whistler waves (see Section 4) that is why in Figure 3 we have limited the presentation to Th/Tc = 4. First, the
frequency and wave number of the fastest growing whistler waves are non-monotonously dependent on uc/vA. Second,
in accordance with Gary et al. [69] parameter βc strongly affects frequency and wave numbers of the fastest growing
7
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Figure 3: The frequency ωmax/ωce and wave number kmaxc/ωpe of the fastest growing whistler waves in dependence
on uc/vA and qe/q0 (upper horizontal axes) at Th/Tc = 4 and various values of core electron beta βc and power-law
index κ. The corresponding growth rates are shown in the first column of Figure 2. Only panels corresponding to
Th/Tc = 4 are demonstrated, because that parameter does not critically affect the frequency and wave number of the
fastest growing whistler waves (see Section 4 for details). The shaded regions indicate the range of electron heat flux
values typical of the solar wind, i.e. qe . q0 [11, 12].
whistler waves. The novel feature of the WHFI demonstrated by Figure 3 is that the specific value of the power-law
index κ does not significantly affect the frequency and wave number of the fastest growing whistler waves.
A brief summary of this section is that the maximum growth rate of the WHFI is not a monotonous function of power-law
index κ and that power-law index κ can critically affect the growth rates of the WHFI (the latter is in accordance with
recent analysis of Ref. [29]), but does not essentially affect the frequency and wave number of the fastest growing
whistler waves. Because larger growth rates result in larger saturated amplitudes of whistler waves according to the
quasi-linear scaling relation (see Section 4), power law index κ is expected to affect saturated amplitudes of whistler
waves, especially at core drift velocity values above some threshold dependent on βc and Th/Tc.
4 Parallel and anti-parallel whistler waves
4.1 Linear growth rates
In the presence of isotropic or parallel-anisotropic halo population the WHFI is capable of producing only whistler
waves propagating parallel to the electron heat flux [21, 22]. Whistler waves propagating parallel and anti-parallel to
the electron heat flux can be unstable in the presence of a perpendicular temperature anisotropy of the halo population,
Ah = Th⊥/Th|| > 1. In this section, we present a quantitative analysis of effects of parameters βc, Th/Tc and κ, whose
typical values are indicated in Table 1, on the growth rate, frequency and wave number of parallel and anti-parallel
whistler waves unstable at various values of core drift velocity |uc|/vA and perpendicular halo temperature anisotropy
Ah. In each of Figures 4-8 we demonstrate effects of a particular parameter on properties of unstable whistler waves,
while other parameters have default values, which are Ah = 1.3, βc = 1, Th/Tc = 6 and κ → ∞. In Figure 8
we demonstrate effects of the halo temperature anisotropy on unstable anti-parallel and parallel whistler waves for
1 ≤ Ah ≤ 1.5 and 0.8 ≤ Ah ≤ 1.5, respectively..
Figure 4 presents the stability analysis of parallel and anti-parallel whistler waves performed at a fixed value of the
halo temperature anisotropy, Ah = 1.3, and various values of the core drift velocity uc/vA. The other parameters are
βc = 1, Th/Tc = 6 and κ→∞. Panel (a) shows that the presence of core and, hence, halo drifts affects whistler wave
dispersion curves. Panel (b) presents whistler wave growth rates. At negligible values of core and halo drifts, identical
parallel and anti-parallel whistler waves are unstable to WTAI. The presence of core and halo drifts breaks that symmetry
between parallel and anti-parallel propagation resulting in smaller maximum growth rates of anti-parallel whistler
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Figure 4: The stability analysis of parallel and anti-parallel whistler waves at a fixed value of the halo temperature
anisotropy, Ah = 1.3, and various values of core drift velocity |uc|/vA: (a) dispersion curves of parallel (kc/ωpe > 0)
and anti-parallel (kc/ωpe < 0) whistler waves; dashed black curves represent the whistler wave dispersion curves in a
cold plasma at ω  ωci [52, 62]: ω = ωcek2c2/(k2c2 + ω2pe); (b) the growth rates of parallel and anti-parallel whistler
waves; the growth rate computed at uc = 0 corresponds to the whistler temperature anisotropy instability (WTAI),
which produces identical parallel and anti-parallel whistler waves. The stability analysis was performed at βc = 1,
Th/Tc = 6 and κ→∞.
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Figure 5: The properties of the fastest growing parallel and anti-parallel whistler waves computed at a fixed value of the
halo temperature anisotropy, Ah = 1.3, and various values of power-law index κ and core drift velocity |uc|/vA: (a)
the growth rate γmax/ωce, (b) frequency ωmax/ωce and (c) wave number |kmax|c/ωpe. The parameters of parallel and
anti-parallel whistler waves are shown by solid and dashed curves, respectively. The other parameters are βc = 1 and
Th/Tc = 6.
waves. For instance, at |uc| = 3vA the fastest growing parallel whistler waves have frequency ωmax/ωce ≈ 0.07, wave
number kmaxc/ωpe ≈ 0.35 and growth rate γmax/ωce ≈ 3 · 10−3, while the fastest growing anti-parallel whistler wave
is at lower frequency, ωmax/ωce ≈ 0.02, smaller wave number, kmaxc/ωpe ≈ −0.15, and has one order of magnitude
smaller growth rate, γmax/ωce ≈ 10−4. In what follows, we compare properties γmax/ωce, ωmax/ωce and |kmax|c/ωpe
of the fastest growing parallel and anti-parallel whistler waves at various values of parameters βc, Th/Tc and κ .
Figure 5 presents comparison of the fastest growing parallel and anti-parallel whistler waves at a fixed value of the
halo temperature anisotropy, Ah = 1.3, and various values of power-law index κ and core drift velocity uc/vA. The
other parameters are βc = 1 and Th/Tc = 6. Panel (a) shows that depending on the core drift velocity the growth rates
of both parallel and anti-parallel whistler waves can increase or decrease with increasing value of power-law index
κ. Similarly to the WHFI considered in Section 3, the κ−distribution with the lowest power-law index provides the
largest growth rate at core drift velocities larger than some threshold value, while the Maxwell distribution provides the
largest growth rates at core drift velocities below that threshold value. At βc = 1 and Th/Tc = 6 assumed in Figure
5 these threshold values are |uc| ≈ 2 vA for anti-parallel whistler waves and |uc| ≈ 4 vA for parallel whistler waves.
We note that similarly to analysis of the WHFI in Section 3 these threshold values are generally dependent on βc and
Th/Tc. Panels (b) and (c) show that power-law index κ does not significantly affect the frequency and wave number of
the fastest growing whistler waves. Panels (a)-(c) also demonstrate that the properties of the fastest growing parallel
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Figure 6: The properties of the fastest growing parallel and anti-parallel whistler waves computed at a fixed value of
the halo temperature anisotropy, Ah = 1.3, and various values of core drift velocity |uc|/vA and halo to core parallel
temperature ratio Th/Tc. The format of the figure is identical to that of Figure 5. The other parameters are βc = 1 and
κ→∞.
and anti-parallel whistler waves are different. There is a factor of a few difference between the growth rates of parallel
and anti-parallel whistler waves at low core drift velocities, but already at |uc| & 2 vA the growth rates of anti-parallel
whistler waves are more than one order of magnitude smaller than those of the parallel whistler waves. At |uc| & 2 vA,
the frequencies and wave numbers of the anti-parallel whistler waves are a few times smaller than those of the parallel
whistler waves.
Figure 6 presents comparison of the fastest growing parallel and anti-parallel whistler waves at a fixed value of the halo
temperature anisotropy, Ah = 1.3, and various values of core drift velocity uc/vA and halo to core parallel temperature
ratio Th/Tc. The other parameters are βc = 1 and κ→∞. Panel (a) shows that larger values of Th/Tc result in larger
growth rates of both parallel and anti-parallel whistler waves. Parameter Th/Tc rather critically affects the growth rates,
namely already at |uc| & 2 vA, the growth rates corresponding to Th/Tc = 4 and 10 differ by more than one order
of magnitude. Panels (b) and (c) demonstrate that parameter Th/Tc does not critically affect frequencies and wave
numbers of both parallel and anti-parallel whistler waves.
Figure 7 presents comparison of the properties of the fastest growing parallel and anti-parallel whistler waves at a fixed
value of the halo temperature anisotropy, Ah = 1.3, and various values of core parallel beta parameter βc and core
drift velocity uc/vA. The other parameters are Th/Tc = 6 and κ→∞. Panel (a) shows that, similarly to the WHFI
considered in Section 3, the maximum growth rates of parallel and anti-parallel whistler waves are critically dependent
on βc and larger values of βc result in larger growth rates. Panels (b) and (c) show that, similarly to the WHFI, the
frequency and wave number of both parallel and anti-parallel whistler waves are dependent on βc. Generally, larger
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Figure 7: The properties of the fastest growing parallel and anti-parallel whistler waves computed at a fixed value of the
halo temperature anisotropy, Ah = 1.3, and various values of core parallel beta parameter βc and core drift velocity
|uc|/vA. The format of the figure is identical to that of Figure 5. The other parameters are Th/Tc = 6 and κ→∞.
values of βc result in the fastest growing whistler waves at lower frequencies and smaller wave numbers. In the range of
βc = 0.33− 3 the frequency and wave numbers of the fastest growing whistler waves vary by a factor of a few.
Figure 8 presents the properties of the fastest growing whistler waves at various values of halo temperature anisotropy
Ah and core drift velocity uc/vA. The properties of anti-parallel whistler waves in panels (a)-(c) are shown for
1 ≤ Ah ≤ 1.5, because anti-parallel whistler waves are stable at Ah ≤ 1, while the properties of parallel whistler
waves in panels (e)-(d) are demonstrated for 0.8 ≤ Ah ≤ 1.5. The other parameters are βc = 1, Th/Tc = 6 and
κ→∞. Panel (a) shows that, as expected, the growth rates of anti-parallel whistler waves increase with increasing
halo temperature anisotropy, while at a fixed halo temperature anisotropy the growth rate decreases with increasing core
drift velocity |uc|/vA. Panels (b) and (c) show that larger values of the halo temperature anisotropy result in larger
frequencies and wave numbers of unstable anti-parallel whistler waves. The properties of unstable parallel whistler
waves in panels (e)-(d) vary with increasing halo temperature anisotropy Ah in similar way, except that at a fixed
halo temperature anisotropy whistler wave properties are generally dependent on |uc|/vA non-monotonously. The
increase of the growth rates, frequencies and wave numbers for increasing halo temperature anisotropy is in accordance
with similar characteristics of WTAI [46, 67, 61]. The critical feature is that due to a finite electron heat flux parallel
whistler waves can be unstable even in the presence of parallel-anisotropic halo electrons, Ah ≤ 1. The comparison of
growth rates computed for Ah = 0.8 and 0.9 in panel (e) shows that larger core drift velocities |uc|/vA and, hence,
heat flux values qe/q0 are necessary to have unstable parallel whistler waves at larger parallel temperature anisotropies.
That is in accordance with the early stability analysis of the WHFI by [21] and [23], who showed that Th||/Th⊥ > 1
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Figure 8: The properties of the fastest growing parallel and anti-parallel whistler waves computed at various values of
the halo temperature anisotropy Ah = Th⊥/Th|| and core drift velocity |uc|/vA. The properties of parallel whistler
waves in panels (e)-(d) are demonstrated for 0.8 ≤ Ah ≤ 1.5, while the properties of anti-parallel whistler waves are
shown for 1.1 ≤ Ah ≤ 1.5, because anti-parallel whistler waves are stable at Ah ≤ 1. The format of panels (a)-(c) and
(e)-(d) is identical to that of Figure 5. The other parameters are βc = 1, Th/Tc = 6 and κ→∞.
may quench the WHFI, and consistent with recent spacecraft measurements by [28], who confirmed this stabilization
effect experimentally. The stabilization effect of the halo parallel temperature anisotropy can explain the intermittent
appearance of whistler waves in the solar wind [28, 11]. Finally, the comparison of panels (b) and (c) to panels (f) and
(d) shows that for a wide range of typical halo temperature anisotropies parallel whistler waves have higher frequencies
and larger wave numbers than anti-parallel whistler waves.
4.2 Saturated amplitudes of whistler waves
There have been recently reported PIC simulations of nonlinear evolution of parallel whistler waves produced by the
WHFI [33, 34] and quasi-linear simulations of nonlinear evolution of parallel whistler waves unstable in the presence of
electron heat flux and core and halo temperature anisotropies [70, 68, 71, 72, 73]. These simulations have provided
valuable information on evolution of the electron velocity distribution function due to scattering of electrons by unstable
parallel whistler waves and demonstrated that for electron parameters typical of the pristine solar wind parallel whistler
waves should saturate at rather low amplitudes, Bw/B0 ∼ 0.01. These amplitudes are consistent with spacecraft
measurements by Tong et al. [11], who showed that statistically whistler wave amplitudes are Bw/B0 . 0.01. We
stress that these are amplitudes of whistler waves in the pristine solar wind, while whistler waves with larger amplitudes
can be expected in a disturbed solar wind, i.e., for example, around interplanetary shock waves [74, 75, 76, 77].
Although quasi-linear computations including effects of anti-parallel whistler waves would be desirable to perform in
the future, they are actually not necessary to estimate saturated amplitudes of anti-parallel whistler waves by the order
of magnitude.
The quasi-linear analysis of WTAI by Tao et al. [51] and PIC simulations of the WHFI by Kuzichev et al.[33] showed
that there is a remarkable scaling relation, which shows that the saturated amplitude of unstable parallel whistler waves
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depends on the initial maximum increment γmax of whistler waves
Bw/B0 ∝ (γmax/ωce)α, (7)
where α is about 0.7. Although Kuzichev et al. [33] inferred that scaling relation using PIC simulations, the nonlinear
evolution of the WHFI in those simulations is actually quasi-linear and, hence, Eq. (7) can be referred by the quasi-linear
scaling relation. The quasi-linear scaling relation is expected to be applicable in the solar wind, because spacecraft
measurements and estimates by [11] demonstrated that the quasi-linear theory is indeed applicable to whistler waves
in the solar wind. Moreover, using the quasi-linear scaling relation Kuzichev et al. [33] conclusively explained the
dependence of Bw/B0 on qe/q0 and βe revealed in the spacecraft measurements by [11].
The quasi-linear scaling relation allows estimating saturated amplitudes of anti-parallel whistler waves expected in
the solar wind. Anti-parallel whistler waves typically have growth rates smaller than parallel whistler waves and,
particularly, at |uc| & 2 vA, anti-parallel whistler waves have growth rates of one order of magnitude smaller than
parallel whistler waves (see Figures 4-7). Therefore, the quasi-linear scaling relation indicates that anti-parallel whistler
waves should saturate at amplitudes of about one order of magnitude smaller than parallel whistler waves. Taking into
account that parallel whistler waves saturate at amplitudes Bw . 0.01 B0, we conclude that anti-parallel whistler wave
in the pristine solar wind are expected to saturate at amplitudes Bw . 10−3 B0.
5 Discussion and conclusion
In this paper, we have estimated and compared properties of parallel and anti-parallel whistler waves that can be
unstable in the solar wind due to the presence of the electron heat flux and halo temperature anisotropy. First, the
presented analysis is relevant to a slow solar wind not very close to the Sun, because in that case the electron VDF
can be adequately fitted by a combination of core and halo populations [3, 24, 26, 28]. In a fast solar wind around 1
AU or close to the Sun [78, 79, 80, 81, 82], there is an additional beam-like population (strahl) propagating typically
anti-sunward, which contribution to instability of anti-parallel whistler waves could not be neglected. Second, the
presented analysis is focused on whistler waves with frequencies much higher than ion cyclotron frequency, so that
the contribution of resonant ions could be neglected. Therefore, the presented stability analysis is not relevant to
low-frequency fast-magnetosonic/whistler waves recently measured aboard Parker Solar Probe, which are driven by ion
beams or ion parallel temperature anisotropy [83, 84, 85].
We have addressed effects of power-law index κ of the halo κ−distribution on the growth rates of parallel whistler
waves driven by the WHFI. Along with known properties of the WHFI, i.e. effects of βc and Th/Tc on growth rates and
other properties of unstable whistler waves [69], we have demonstrated that power-law index κ does not critically affect
the frequency and wave number of the fastest growing whistler waves, but can critically affect the growth rates (in
accordance with analysis of Shaaban et al.[29]). The growth rate is not monotonously dependent on power-law index κ,
i.e. depending on the core drift velocity, the growth rate can either increase or decrease with increasing κ value. In
principle, κ values typical of the solar wind provide a few times smaller growth rates than the Maxwell distribution at
core drift velocities below a threshold value that depends on βc and Th/Tc, but more than one order of magnitude larger
growth rates at core drift velocities larger than that threshold value (Figure 2).
We have estimated and compared properties of the fastest growing parallel and anti-parallel whistler waves unstable
in the presence of halo temperature anisotropies and core drift velocities typical of the pristine solar wind (Table 1).
We have demonstrated that the growth rates of parallel and anti-parallel whistler waves are larger for larger values
of βc and Th/Tc and critically dependent on the power-law index κ in a fashion similar to that of the WHFI. The
frequency and wave number of the parallel and anti-parallel whistler waves are most strongly dependent on βc and
temperature anisotropy Ah, while essentially independent of κ and Th/Tc. Anti-parallel whistler waves have growth
rates smaller than those of parallel whistler waves and, specifically, smaller by more than one order of magnitude
already at |uc| & 2 vA. In addition, anti-parallel whistler waves are expected to have a few times lower frequencies and
smaller wavenumbers compared to parallel whistler waves. We have used the quasi-linear scaling relation reported by
tao et al. [51] and Kuzichev et al. [33] to argue that anti-parallel whistler waves saturate at amplitudes of about one
order of magnitude smaller than parallel whistler waves. Therefore, anti-parallel whistler waves in the pristine solar
wind are expected to have amplitudes Bw . 10−3 B0.
The presented analysis of anti-parallel whistler waves has been stimulated by the recent simulations, which showed
that parallel whistler waves produced by the WHFI cannot regulate the electron heat conduction in the solar wind
[32, 33, 34, 72]. Whether anti-parallel whistler waves can regulate the electron heat conduction in the solar wind is an
open question, but a few comments are in order. First, although anti-parallel whistler waves are expected to saturate
at relatively low amplitudes, this should not be considered as an indication that these whistler waves are incapable of
affecting the electron heat flux in the solar wind. The saturated amplitudes determine the time scale of the saturation of
the instability, but not the effects of whistler waves on the electron velocity distribution function. Second, quasi-linear
14
On quasi-parallel whistler waves in the solar wind A PREPRINT
computations of Vocks et al. [48] showed that anti-parallel whistler waves can efficiently scatter suprathermal electrons
in the solar wind and, hence, may be efficient in regulating the electron heat flux (see also Ref. [50]). Third, in a fast
solar wind or close to the Sun the physics of the heat flux regulation can be dominated by oblique whistler waves driven
by the strahl population [36, 38, 39, 40] (see Refs. [86, 87] for observations of oblique whistler waves), but in a slow
solar wind at sufficiently large distances from the Sun whistler waves propagating anti-parallel to the electron heat flux
is a rather plausible wave activity to be involved into the electron heat flux regulation process. The quantitative analysis
of the effects of anti-parallel whistler waves on the electron heat flux requires a separate study.
There are several valuable implications of the results presented in this paper. First, the presented stability analysis
demonstrates the range of core and halo parameters, which provides sufficiently large increments of anti-parallel
whistler waves to be used in numerical PIC simulations. For instance, the presented analysis shows that at core drift
velocities larger than some threshold value the use of κ−distributions for the halo population is advantageous, because
of drastically larger growth rates compared to those provided by Maxwell halo population. The larger growth rates
allow reducing the computation time and make feasible PIC simulations, which can clarify the efficiency of the electron
heat flux regulation by anti-parallel whistler waves. Second, the presented analysis is valuable for experimental analysis
of whistler waves in the solar wind. Coherent whistler waves measured in the solar wind are usually identified in the
magnetic field spectra as local bumps superimposed on a spectrum of turbulent magnetic field fluctuations [41, 11]. The
presented analysis shows that the detection of anti-parallel whistler waves using that methodology is expected to be
more complicated than for parallel whistler waves, because anti-parallel whistler waves are expected to have smaller
amplitudes and lower frequencies, while the turbulence intensity is higher at lower frequencies. Thus, compared to
parallel whistler waves, power spectral density corresponding to coherent anti-parallel whistler waves is more likely to
be obscured by turbulent magnetic field fluctuations. An experimental analysis should take into account that feature of
whistler waves in the solar wind, otherwise the selection procedure of whistler waves will be biased toward parallel
whistler waves.
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